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We study a slow relaxation process in a frustrated spin system in which a type of screen-
ing effect due to a frustrated environment plays an important role. This screening effect is
attributed to the highly degenerate configurations of the frustrated environment. This slow
relaxation is due to an entropy effect and is different from those due to the energy barrier
observed in systems such as random ferromagnets. In the present system, even if there is no
energy gap, the slow relaxation still takes place. Thus, we call this phenomenon “entropic
slowing down”. Here, we study the mechanism of entropic slowing down quantitatively in
an Ising spin model with the so-called decorated bonds. The spins included in decorated
bonds (decoration spins) cause a peculiar density of states, which causes on entropy-induced
screening effect. We analytically estimate the time scale of the system that increases ex-
ponentially with the number of decoration spins. We demonstrate the scaling of relaxation
processes using the time scale at all temperatures including the critical point.
KEYWORDS: slow relaxation, Ising spin system, frustration, decorated bond system, entropy
effect
1. Introduction
The mechanisms of slow relaxation in strongly interacting systems have been studied over
the past several decades. One of them is the critical slowing down.1–4 When the correlation
of an order parameter develops near a critical point, the system shows a slow relaxation.
If the interactions of a system are nonuniform, as in the diluted ferromagnetic model, the
model shows a slow relaxation even in the off-critical region. After quenching from a random
state the order develops locally, but the domain walls between them are pinned in regions of
relatively weak interaction. This pinning causes a very slow relaxation that may be called a
frozen state.5–7 Furthermore, when the system has frustration, as in spin glass, the frustration
causes a random distribution of effective interactions and the relaxation also becomes slow.8–12
In a frustrated system, many competing configurations are degenerate, and the system has
a peculiar density of state that causes a temperature-dependent ordering structure,13–15 and
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even reentrant phase transitions.13, 16, 17
Recently, it has been found that an extremely slow relaxation takes place in a decorated
lattice.13 The static properties of the decoration lattice are described by an effective coupling
due to a decorated bond, and are the same as those of a regular lattice that has a coupling
constant, but the dynamics of the systems are very different because the motion of decoration
spins prevents the smooth evolution of ordering. This screening effect comes from the distri-
bution of degrees of freedom of decoration spins, and we call it “entropic slowing down.” This
slow relaxation occurs even if there is no energy barrier.
The purpose of the present study is to clarify the feature of the entropic slowing down, and
to quantitatively analyze the time scale of the slowing down. Using the time scale, we demon-
strate a scaling analysis of the relaxation processes obtained by a Monte Carlo simulation
with the Glauber dynamics.18
Using the present slow-relaxation mechanism, we propose a new memory system that
we call the “spin blackboard”. In such a system, we can memorize all configurations at low
temperatures and erase them by increasing the temperature.
In § 2, we first introduce the model and present its equilibrium and dynamical properties.
We present the probability distribution of the frustrated local structure in § 3. The effective
time scale can be calculated analytically. In § 4, we study the relaxation of magnetization on
a square lattice system by Monte Carlo simulation and perform the scaling plot using the
effective time obtained in § 3. We provide a summary of this study in § 5. In Appendix, we
analyze the flip probability by another energy unit.
2. Model and Equilibrium Properties
We have studied the ordering process of a decorated bond system. A decorated bond
system consists of the so-called skeleton lattice, consisting of “system spins” and the decorated
bonds between them. In each decorated bond, the system spins are connected by a bunch of
paths that are mutually frustrated, as depicted in Fig. 1(a). To study the entropy effects
on relaxation phenomena, we introduce the two-dimensional square lattice Ising spin system
with decorated bonds depicted in Fig. 1(b). In Fig. 1(a), the frustrated local structure of
the decorated bond unit is depicted. The circles denote “system spins” which form the square
lattice as depicted in Fig. 1(b). The triangles denote “decoration spins” {si}, that are placed in
the structure of a decorated bond. There are Nd decoration spins between a nearest-neighbor
pair of the system spins σ1 and σ2. We adopt the following structure of the decorated bond.
We set half of the paths in a decorated bond in a ferromagnetic way, i.e., by two ferromagnetic
bonds (solid lines) with a decoration spin between them. The other half of the paths are set in
an antiferromagnetic way with ferromagnetic and antiferromagnetic bonds (dotted lines) with
a decoration spin between them. The magnitudes of these bonds are set to be the same (J).
As we will show below, the contributions of the ferromagnetic and antiferromagnetic paths
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cancel out, and the effective interaction between the system spins due to the Nd paths is zero.
In order to study the phase transition, in addition, we set the extra bond (a wavy line)
that causes the interaction between the system spins to be nonzero. We impose the periodic
boundary condition on the lattice depicted in Fig. 1(b).
(a) (b)
Fig. 1. (a) Frustrated decorated bond unit. The circles and triangles denote the system and decoration
spins, respectively. The solid, dotted, and wavy lines denote the magnetic interactions of J , −J ,
and J ′, respectively. (b) Two-dimensional square lattice with decorated bonds in the case of
Nd = 2.
The Hamiltonian of a decorated bond depicted in Fig. 1(a) is
H = −J ′σ1σ2 − J
Nd/2∑
i=1
si (σ1 + σ2)− J
Nd∑
i=Nd/2+1
si (−σ1 + σ2) , (1)
where σ1 and σ2 denotes the system spins and si (i = 1, · · · , Nd) denote the decoration spins.
The solid, dashed, and wavy lines in Fig. 1 denote the magnetic interactions of J , −J , and J ′,
respectively. Hereafter, we take J as the unit of energy. The effective coupling Keff between
the system spins σ1 and σ2 at a temperature T = 1/β is defined by tracing out the decoration
spins {si}: ∑
{si=±1}
e−βH = Ae−βHeff = Ae−Keffσ1σ2 , (2)
where
A = (4 cosh 2βJ)Nd/2 , (3)
Keff = βJ
′. (4)
Since the contributions of the left and right-half paths in Fig. 1(a) cancel out, the effective
coupling of this system comes only from J ′. The relation between the correlation function
〈σ1σ2〉 and the effective coupling Keff is given by
〈σ1σ2〉 = tanhKeff . (5)
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Fig. 2. Relaxation process of the system magnetization on a square lattice system with decorated
bonds, where the number of system spins is N = 202, at T = 3, which is above the critical
temperature. The circles indicate the relaxation process of the regular system (Nd = 0) and the
crosses represent that of the decorated bond system of Nd = 200.
If J ′ > 0, 〈σ1σ2〉 is positive. If the effective coupling Keff is larger than the critical value Kc,
the system spins have a ferromagnetic long-range order in the equilibrium state. Here, we
consider the case of J ′ = 1.
Next, we consider the square lattice system with decorated bonds depicted in Fig. 1(b). We
perform a single spin flip of the heat bath method of Monte Carlo simulation to consider the
dynamical aspects in the system. We study a relaxation process of the system magnetization
Ms =
1
N
N∑
i
σi, (6)
from an ordered state in which all the spins are aligned in the same direction. Here, we set the
temperature in the paramagnetic region T = 3, i.e., Keff = 1/3 < Kc =
[
1
2 log
(
1 +
√
2
)]−1
=
(2.27 · · · )−1. At this temperature, we expect a fast relaxation to Ms = 0 in the regular
lattice (Nd = 0). However, in the decoration bond system (Nd > 1), we expect the effect of
the frustrated configuration although the thermodynamic properties, such as the correlation
functions of the system spin, are the same in both systems.
We performed a Monte Carlo simulation of the square lattice system depicted in Fig. 1(b)
with N = 202 system spins. In Fig. 2, we compare the relaxations of Ms in the regular and
decorated lattices. The data are obtained by taking the average of one thousand samples.
The magnetization in the regular lattice relaxes with a relaxation time τreg ≃ 10 Monte Carlo
Step (MCS) we see no relaxation in the decorated bond system in this time scale. In the next
section we will focus on the microscopic mechanism of this slow relaxation in decorated bond
systems.
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3. Probability Distribution of Frustrated Local Structure
In the previous section, we showed an example of the entropic slowing down by Monte
Carlo simulation. A large number of degenerate states cause such a slowing down. In this sec-
tion, we analyze this slow relaxation from the viewpoint of the probability distribution of the
decoration spins depicted in Fig. 1(a). We determine the number of states for a fixed local con-
figuration of system spins. We depict “the parallel state” of system spins, i.e., (σ1,σ2)=(+,+),
and “the antiparallel state”, i.e., (σ1,σ2)=(+,−) in Figs. 3(a) and (b), respectively, where the
black, white, and gray symbols denote the sites with +, −, and 0 internal fields, respectively.
We denote the number of + decoration spins in the ferromagnetic paths by m, and that in
the antiferromagnetic paths by n. The energy of the parallel state is given by
E
(Nd)
++ (m,n) = (Nd − 4m)J − J ′. (7)
The energy of the parallel state does not depend on n, because the energy of each antiferro-
magnetic path does not depend on the states of decoration spins. In the same way, the energy
of the antiparallel state is given by
E
(Nd)
+− (m,n) = (−Nd + 4n)J + J ′, (8)
which is independent of m. Note that the following relations are satisfied:
E
(Nd)
++ (m,n) = E
(Nd)
−−
(
Nd
2
−m,n
)
, (9)
E
(Nd)
+− (m,n) = E
(Nd)
−+
(
m,
Nd
2
− n
)
. (10)
Because the maximum values of m and n are Nd/2, the ground state energy of the parallel
state is given by
E
(Nd)
++
(
Nd
2
, n
)
= −NdJ − J ′ (11)
and the number of degeneracies is 2Nd/2. Similarly, the minimum energy of the antiparallel
state is given by
E
(Nd)
+− (m, 0) = −NdJ + J ′. (12)
(a) (b)
Fig. 3. Black, white, and gray symbols denote the sites with +, −, and 0 internal fields, respectively.
(a) Parallel system spin case and (b) antiparallel system spin case.
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The lowest energy of the antiparallel state (n = 0) is higher than that of the parallel state by
2J ′.
We consider the probability distribution of the decoration spins at a temperature T . First,
we consider the parallel case. The probability of m up spins in the Nd/2 ferromagnetic paths
is given by
Q
(Nd)
++ (m) =
e−βJNd
(2 cosh 2βJ)Nd/2
(
Nd/2
m
)
e4βJm, (13)
and the probability of n up spins in the antiferromagnetic paths is given by
R
(Nd)
++ (n) =
(
Nd/2
n
)(
1
2
)Nd/2
. (14)
On the other hand, if the system is in the antiparallel case, the probability of m up spins
in the ferromagnetic paths is given by
Q
(Nd)
+− (m) =
(
Nd/2
m
)(
1
2
)Nd/2
, (15)
which is equal to R
(Nd)
++ (m). The probability of n up spins in the antiferromagnetic paths is
given by
R
(Nd)
+− (n) =
eβJNd
(2 cosh 2βJ)Nd/2
(
Nd/2
n
)
e−4βJn, (16)
which is equal to Q
(Nd)
−− (m). From the symmetry, the following relations hold:
Q
(Nd)
++ (m) = Q
(Nd)
−−
(
Nd
2
−m
)
, (17)
R
(Nd)
++ (n) = R
(Nd)
−− (n) , (18)
Q
(Nd)
+− (m) = Q
(Nd)
−+ (m) , (19)
R
(Nd)
+− (n) = R
(Nd)
−+
(
Nd
2
− n
)
. (20)
Because R
(Nd)
++ (n) and Q
(Nd)
+− (m) are simple binary distributions, they are independent of tem-
perature. The distributions become sharp when the number of decorated spins increases. On
the other hand, Q
(Nd)
++ (m) and R
(Nd)
+− (n) depend on temperature. At high temperatures, they
are maximum at Nd/4 owing to the entropy effect. At low temperatures, they are maximum
at nearly Nd/2 and 0, respectively, because they are energetically favored states for the dis-
tributions.
The probability of the total distributions of the parallel and antiparallel states are given
by
P
(Nd)
++ (m,n) = Q
(Nd)
++ (m)R
(Nd)
++ (n) , (21)
P
(Nd)
+− (m,n) = Q
(Nd)
+− (m)R
(Nd)
+− (n) , (22)
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respectively. Figure 4 shows color maps of the probability distributions P
(Nd)
++ (m,n),
P
(Nd)
+− (m,n), and their overlap P
(Nd)
++ (m,n)P
(Nd)
+− (m,n) as a function of the numbers of +
decoration spins (m and n) for T = 100, T = 10, and T = 1 in the case of Nd = 200.
The probability function is a binary distribution of m and n at high temperatures, e.g.,
T = 100, where the overlap is large (left columns in Fig. 4). As temperature decreases, the
probability distributions split from the center point and the overlap decreases (center columns
of Fig. 4). At low temperatures, e.g., T = 1, the peaks of the probability distributions move to
the edges because decoration spins with nonfrustrated paths polarize, and the overlap becomes
very small (right columns in Fig. 4). Therefore, the transition probability between the parallel
and antiparallel state becomes very small at low temperatures.
Thus, if the system is initially in the antiparallel state, there is a very small probability
of transition to the parallel state, and the time scale of the evolution of the configuration
becomes very long. Therefore, the system cannot reach the equilibrium state within a short
time.
We denote the probabilities as P++ and P+− for the parallel and antiparallel configurations
of the system spin obtained by tracing out the degree of freedom of decoration spins. They
are given by
P(Nd)++ =
Nd/2∑
m=0
Nd/2∑
n=0
Q
(Nd)
++ (m)R
(Nd)
++ (n)
eβJ
′
eβJ ′ + e−βJ ′
=
eβJ
′
eβJ ′ + e−βJ ′
, (23)
P(Nd)+− =
Nd/2∑
m=0
Nd/2∑
n=0
Q
(Nd)
+− (m)R
(Nd)
+− (n)
e−βJ
′
eβJ ′ + e−βJ ′
=
e−βJ
′
eβJ ′ + e−βJ ′
, (24)
and they agree with the thermal equilibrium probabilities.
To estimate the effective relaxation time of this system, we calculate the flip probability of
the central spin in the configuration shown in Fig. 5. This spin is surrounded by two up system
spins and two down system spins. Suppose we consider a regular spin system, i.e., Nd = 0. The
internal fields from four neighbor system spins cancel out, and the energy difference between
the up and down states of the central spin is zero. Thus, we call the central spin a “free spin”.
The transition probability of the center spin is 1/2 in the Glauber dynamics.18 However, as
we will show below, in decorated bond systems (Nd > 0), the probability of the flip becomes
smaller than 1/2 owing to the distribution of the surrounding decoration spins.
The internal field on the central spin in this configuration is
h (n1, n2, n3, n4) = 2J (Nd − n1 + n2 − n3 − n4) , (25)
where n1 is the number of + spins on the ferromagnetic paths in the antiparallel state of the
system spins. Similarly, n2 is that on the antiferromagnetic paths in the antiparallel state, n3
is that on the ferromagnetic paths in the parallel state, and n4 is that on the antiferromagnetic
paths in the parallel state.
7/16
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(a) (b) (c)
(d) (e) (f)
(g) (h) (i)
Fig. 4. (Color online) We set the number of decoration spins Nd = 200. (Top row) Probability distri-
bution function of parallel state P
(Nd)
++ (m,n) as a function of the numbers of + decoration spins m
and n in the cases of (a) T = 100, (b) T = 10, and (c) T = 1. (Middle row) Probability distribution
function of antiparallel state P
(Nd)
+− (m,n) as a function of the numbers of + decoration spins m
and n for (d) T = 100, (e) T = 10, and (f) T = 1. (Bottom row) Overlap probability distribution
function of parallel state P
(Nd)
++ (m,n) and probability distribution function of antiparallel state
P
(Nd)
+− (m,n) as a function of the numbers of + decoration spinsm and n in the case of (g) T = 100,
(h) T = 10, and (i) T = 1. Note that the ranges of values are not the same at all temperatures.
In the thermal bath transition probability, the flip probability of the center spin Pflip is
given by
Pflip =
∑
(n1,n2,n3,n4)
Q
(2Nd)
+− (n1)R
(2Nd)
+− (n2)Q
(2Nd)
++ (n3)R
(2Nd)
++ (n4)
× 1
1 + exp [−2βh (n1, n2, n3, n4)] (26)
8/16
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Fig. 5. Central system spin surrounded by two up system spins and two down system spins, which
we call a “free spin”. The black, white, and gray symbols denote +, −, and disordered spins,
respectively. If decorated bonds are absent, the flip probability of the center system spin is exactly
1/2. However, if decorated bonds exist, the flip probability of the center system spin is less than
1/2 owing to the entropy effect. The number of decoration spins is Nd for each decorated bond.
=
1
(4 cosh 2βJ)2Nd
∑
(n1,n2,n3,n4)
(
Nd
n1
)(
Nd
n2
)(
Nd
n3
)(
Nd
n4
)
× exp [4βJ (n3 − n2)]
1 + exp [−4βJ (Nd − n1 + n2 − n3 − n4)] . (27)
Figure 6 shows the dependence of the flip probability of the free spin Pflip as a function of Nd
at T = 5, 3, 2, 1, and 0. Here, we find that the stabilization effect is significant when Nd is
large at low temperatures.
Fig. 6. (Color online) Flip probability of the free spin Pflip as a function of the number of decoration
spins for several temperatures. The squares, circles, triangles, and diamonds denote the data for
T = 5, 3, 2, and 1, respectively. The low-temperature limit of the probability is shown by the
dotted line.
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We define the time scale of the evolution by
τeff = Pflip−1. (28)
It increases rapidly with Nd. Note that the low-temperature limit of τeff is finite, because the
slowing down is caused by the entropy effect, not by energy. Namely,
lim
T→0
Pflip = 1
2
(
1
4
)Nd
. (29)
This limit is shown by the dotted line in Fig. 6.
4. Monte Carlo Simulation
In the previous section, we calculated the effective time of a flipping spin. We study the
relaxation process of system magnetization on the square lattice system shown in Fig. 1(b) at
T = 3, which is above the critical temperature in this section. We set N = 202 as the number
of system spins. Data are obtained by taking the average over one thousand samples in cases of
Nd = 8, 16, 24, 32, and 40. As Nd increases, the relaxation of system magnetization becomes
slow. We scale these relaxation processes by the time scale τeff (Nd) (Table I) estimated using
eq. (28), and plot them in Fig. 7. All the relaxations of system magnetization converge in a
scaling function, which indicates that the analysis in the previous section works well. In the
case of Nd = 200 shown in Fig. 2, effective relaxation time is estimated to be τeff ∼ 1020 MCS.
Therefore, we see no relaxation within 100 MCS.
Next, we consider the slowing down at the critical temperature and below the critical
temperature. In the present model, the critical temperature is Tc =
1
2 log(1 +
√
2)J ′ because
the effective coupling is given by Keff = βJ
′. The relaxation curves at the critical temperature
obey a power law decay, while those below the critical temperature obey an exponential decay
Nd 8 16 24 32 40
τeff 1.03037 × 102 3.01700 × 103 7.96926 × 104 2.00850 × 106 4.92665 × 107
(a) T = 2
Nd 8 16 24 32 40
τeff 5.43835 × 10 8.96284 × 102 1.34004 × 104 1.91522 × 105 2.66641 × 106
(b) T = Tc
Nd 8 16 24 32 40
τeff 1.77064 × 10 1.08986 × 102 6.17373 × 102 3.36029 × 103 1.78598 × 104
(c) T = 3
Table I. Effective relaxation times of the free spin system τeff at T = 2, T = Tc, and T = 3 as a
function of the number of decoration spins Nd.
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Fig. 7. (Color online) Semilog plot of the relaxation of the system magnetization at T = 3 which
is above the critical temperature. The squares, circles, triangles, inverted triangles and diamonds
denote the case of Nd = 8, 16, 24, 32 and 40, respectively. Relaxation curves obey the exponential
function: M(t) = 0.86e−t/7.31.
toward spontaneous magnetization. In both cases, we find that the scaling works very well,
as shown in Fig. 8. Therefore, we conclude that this mechanism of slowing down works at all
temperatures. Both above and below the critical temperature, the relaxation curves can be
fitted to the exponential function such as Ms(t) = Ae
−t/τ +Meq. In the case of T = 3, we
obtain the following parameters: A = 0.859 and τ = 7.31 at Meq = 0. In the same way, we
obtain the following parameters in the case of T = 2: A = 0.0609 and τ = 1.52 atMeq = 0.911.
On the other hand, at the critical point, the relaxation curve obeys the power law such as
Ms(t) = At
−b. We obtain the following parameters: A = 0.90, b = 0.0569.
This slowing down mechanism holds the effect of the system spins as well as that in the
case of regular system (i.e., with no decoration spins), because the slowing down behavior is
just a local effect.
If we set J ′ = 0, then the system is in the complete paramagnetic state, and all the spin
configurations of system spins have the same energy. However, because of the entropic slowing
down studied above, the system can maintain any configuration for a long time. Thus, we may
use such a system as a new type of memory system, which we would call a spin blackboard.
If we increase the temperature, we can erase the information of spin configuration.
5. Conclusion
We studied the microscopic mechanism of the increase in the relaxation time of the dec-
orated bond system. We call this slow relaxation phenomenon “entropic slowing down”. The
origin of the entropic slowing down is the large number of degenerate configurations due to
11/16
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Fig. 8. (Color online) Double logarithmic plot of the relaxation of the system magnetization at T = Tc
(left panel) and semilog plot of the difference between system magnetization and the equilibrium
value M(t)−Meq at T = 2, which is below the critical temperature (right panel). At T = 2, the
equilibrium value of magnetization Meq = 0.911. The symbols are the same as those in Fig. 7.
Magnetization curves obey the power function M(t) = 0.90t−0.057 at the critical point (left panel)
and the exponential function M(t) = 0.061e−t/1.52 + 0.911 at T = 2 (right panel).
frustration and not to the energy gap between metastable and stable states. If we set an addi-
tional interaction such as J ′, the ground state is an ordered state. However, the system cannot
reach the ground state because of the freezing effect when it is cooled from a high-temperature
disordered state. The system is trapped in some random configuration in a temperature region
on the order of J , and no change occurs at low temperatures. Even if there is no additional
interaction, this entropic slowing down also appears. We estimated effective relaxation time
as a function of temperature and the number of decoration spins analytically. We also studied
the relaxation process by a Monte Carlo simulation by the heat bath method. The scaling
analysis was successfully performed at all temperatures including the critical temperature.
Originally, the above model with decoration spins has been proposed to explain the slowing
down in the system where reentrant phase transition occurs.13 We expect that this entropic
slowing down also appears in more complicated systems such as spin glass. There, some parts
of the random spin system are less frustrated where the spins are strongly correlated, while
other parts are highly frustrated where the spins remain disordered. We can interpret the
former parts by “system spins” and the latter by “decoration spins”. In this course-grained
picture, the spin order can be formed in the network of the former parts.
Moreover, we proposed a new type of memory system, i.e. the spin blackboard in which
any spin configuration can be stored owing to the entropy effect. If we can prepare a “micelle”
type lattice in which a system spin is surrounded by many decoration spins, a spin blackboard
12/16
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device can be made. We expect that some examples of entropic slowing down will be realized
and the spin blackboard behavior will be demonstrated experimentally.
The thermal annealing method21, 22 is adopted in many problems: it is a very efficient
method of obtaining a stable state. However, the thermal annealing method would not be
efficient for obtaining the ground state in systems with entropic slowing down. A number of
researchers have studied the quantum annealing method23–34 of obtaining the ground state
of random systems as a substitute for thermal annealing. We have found that the quantum
annealing method is successful in determining the ground state of this entropic slowing down
system. The mechanism of this method will be reported elsewhere.
Acknowledgments
The authors would like to express their thanks to Masaki Hirano, Naomichi Hatano and
Eric Vincent for helpful discussions. ST also thanks Atsushi Kamimura for the critical reading
of this manuscript. This work was partially supported by Research on Priority Areas “Physics
of new quantum phases in superclean materials” (Grant No. 17071011) from MEXT, and also
by the Next Generation Super Computer Project, Nanoscience Program from MEXT, The
authors also thank the Supercomputer Center, Institute for Solid State Physics, University of
Tokyo for the use of its facilities.
Appendix: Another Energy Scale: NdJ
In this paper, we set the energy unit to be J . In this appendix, we analyze the flip
probability Pflip regarding NdJ as the energy unit because the system spins are surrounded
Nd decoration spins. In Fig. A·1 we depict the flip probability of the free spin as a function
of the number of decoration spins for the reduced temperature T/Nd = 0.1J , 0.2J , and J .
At low reduced temperatures, a nonmonotonic behavior appears, which can be understood
as follows. The molecular field on a free spin from the outside decoration spins is given by
−JNd tanh (2βJ). When α = T/ (NdJ) is small, Nd −JNd tanh (2βJ) ≃ JNd is small and
thus molecular field increases with Nd, which causes a decrease in Pflip. On the other hand,
when α = T/ (NdJ) is large, −JNd tanh (2βJ) ∼= −2J/α, which does not depend on Nd.
For a given T/Nd, the temperature T increases as Nd increases and thus Pflip approaches to
its high temperature limit Pflip = 0.5.
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Fig. A·1. (Color online) Flip probability of the free spin P˜flip as a function of the number of decoration
spins at several temperatures. The squares, circles, and triangles denote the data for T/Nd =
0.1J, 0.2J , and J , respectively.
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